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So What is Class Number 2?
Scott T. Chapman
Abstract. Using factorization properties, we give several characterizations for a ring of alge-
braic integers to have class number at most 2.
1. INTRODUCTION. I was recently at an algebra colloquium when some questions
involving small class numbers of algebraic number rings arose. Of the 30 or so par-
ticipants, almost everyone in the room recognized that an algebraic number ring is a
unique factorization domain (or UFD) if and only if its class number is one (i.e., the
ideal class group of R is trivial). Almost no one in the room was aware of the follow-
ing theorem of Carlitz, which is well known among mathematicians who work in the
theory of nonunique factorizations (see [12] for a general reference to this area).
Carlitz’s Theorem for Class Number 2. [3] Let R be an algebraic number ring.
R has class number at most 2 if and only if whenever α1, . . . , αn, β1, . . . , βm are
irreducible elements of R with
α1 · · ·αn = β1 · · · βm (†)
then n = m.
An integral domainD in which each nonzero nonunit can be factored as a product
of irreducible elements is known as an atomic domain. An atomic domainD that sat-
isfies the condition in Carlitz’s theorem (i.e., satisfies (†)) is known as a half-factorial
domain (or HFD). Notice that a UFD is an HFD and hence, if R exactly has class
number 2, it is an example of an HFD that is not a UFD (the classic such example is
Z[
√−5] and the nonunique factorization 6 = 2 · 3 = (1 +√−5)(1−√−5)). Thus,
the Carlitz theorem can be restated as follows.
Carlitz’s Theorem Redux. Let R be an algebraic number ring. R has class number
at most 2 if and only if R is a half-factorial domain.
Carlitz’s theorem was the beginning of quantitative and qualitative research into
nonunique factorizations in integral domains and monoids. This research began with
papers concerning HFD’s (see [20], [22], [23], and a comprehensive survey article [6])
and has expanded into the study of a host of combinatorial constants that measure de-
viation of factorizations from the UFD condition. The purpose of this article is not to
deeply explore the general topic of factorization, but to give a series of factorization-
inspired characterizations of class number 2. We do this solely in terms of algebraic
number fields and thus avoid the abstraction and generality that more difficult fac-
torization problems entail. Our characterizations will involve constants of increasing
complexity, and in light of this, we will offer the various needed definitions directly
before each result. We hope that our work gives the reader a better appreciation of Car-
litz’s theorem and its related substantive factorization problems. For those who want
a more in-depth treatment of nonunique factorizations, several recent papers on this
topic can be found in this MONTHLY ([4], [11], [18]).
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Throughout we assume an understanding of abstract algebra at the level of [10] and
a basic familiarity with algebraic number theory at the level of [17]. (An approach that
might be more friendly to a novice can be found in [9].) For clarity, we review the
basic definitions necessary for the remainder of this work. If Q represents the field of
rational numbers, then an algebraic number field K is any finite extension of Q. An
element α ∈ K is an algebraic integer if it is a root of a monic polynomial in Z[X].
By [9, Theorem 6.2], the setR of algebraic integers inK is an integral domain, which
we refer to as an algebraic number ring.
When dealing with an algebraic number ring R, we use the usual notions of divis-
ibility from the theory of integral domains. Let A(R) represent the set of irreducible
elements (or atoms) of R, U(R) the set of units of R, and R• the set of nonzero
nonunits of R. Recall that x and y in R are associates if there is a unit u ∈ R with
x = uy. If x, y, and z are in R with y = xz, then we say that x divides y and denote
this by x | y.
Let I(R) denote the set of ideals ofR. If x ∈ R, then let (x) represent the principal
ideal generated by x and P(R) the subset of I(R) consisting of principal ideals ofR.
For I and J in I(R), set
IJ =
{
n∑
i=1
aibj | ai ∈ I and bj ∈ J
}
.
Using [9, Theorem 8.1], it is easy to argue that IJ is another ideal of R which is
known as the product of I and J . If I, J , and K are ideals of R with J = IK , then
we borrow the notation used above for elements and say that I |J .
Define an equivalence relation on I(R) by I ∼ J if and only if there exist α and β
inR with (α)I = (β)J . If [I] represents the equivalence class of the ideal I under∼,
then by [9, Lemma 10.1] the operation
[I] + [J ] = [IJ ]
is well-defined. By [9, Theorem 8.13], the set C(R) = I(R)/ ∼ forms an abelian
group under + called the class group of R. By [9, Theorem 10.3], |C(R)| is finite
and is known as the class number of R. As previously mentioned, classical algebraic
number theory ([9, Theorem 9.4]) asserts that R is a unique factorization domain if
and only if its class number is one. Throughtout the rest of our work we will use freely
the fact asserted in [3] that every ideal class of C(R) contains infinitely many prime
ideals.
To completely understand how elements factor in an algebraic number ring R, we
will need this fundamental result concerning the factorizations of ideals in R.
The Fundamental Theorem of Ideal Theory. [9, Theorem 8.27] Let R be an alge-
braic number ring. If I is an ideal of R, then there exists a unique (up to order) list of
not necessarily distinct prime ideals p1, p2, . . . , pk of R such that
I = p1p2 · · · pk. (⋆)
The key to comprehending factorizations in R lies in understanding products of the
form (⋆) where
∑k
i=1[pi] = 0 in C(R) (see Lemma 1 below).
2. MORE ON THE CARLITZ CHARACTERIZATION. We open with a few
simple lemmas which will prove useful, especially in our later work. The first will
characterize the irreducible elements of R in terms of the class group.
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Lemma 1. Let R be an algebraic number ring and x a nonzero nonunit of R with
(x) = p1 · · · pn,
where n ≥ 1 and the pi’s are not necessarily distinct prime ideals of R. The element
x is irreducible in R if and only if
1.
∑
[pi] = 0, and
2. if S ( {1, . . . n} is a nonempty subset then∑i∈S[pi] 6= 0.
Proof. (⇒) That∑[pi] = 0 follows from the definition of the class group. Suppose
there is a proper subset S of {1, . . . n}with∑i∈S[pi] = 0. Let S′ = {1, . . . , n} − S.
Then both ∑
i∈S
[pi] = 0 and
∑
i∈S′
[pi] = 0
and hence there are nonunits y and z in R with
(y) =
∏
i∈S
pi and (z) =
∏
i∈S′
pi.
Thus, there is a unit u ∈ R with x = uyz and x is not irreducible.
(⇐) Suppose that x = yz in R. By the fundamental theorem of ideal theory in R,
there are nonempty subsets S, S′ of {1, . . . , n} so that
(y) =
∏
i∈S
pi and (z) =
∏
i∈S′
pi.
Then
∑
i∈S[pi] = 0 contradicting condition (2). This completes the proof.
Example 2. We illustrate the results of the lemma with some examples. Let p be a
nonprincipal prime ideal of R with |[p]| = n (where |[p]| represents of order of [p] in
C(R)). Then
p
n = (x),
where x is irreducible in R. Moreover, if q is any prime ideal taken from class −[p],
then
pq = (y),
where y is irreducible in R. Hence, in the case where |C(R)| = 2, an irreducible
element takes one of three forms:
(i) α where (α) = p for a principal prime ideal p of R;
(ii) α where (α) = p2 for a nonprincipal prime ideal p of R;
(iii) α where (α) = pq where p and q are distinct nonprincipal prime ideals of R.
In case (i), the irreducible α is actually a prime element; in case (ii), α is called rami-
fied; and in case (iii), α is called split.
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Lemma 1 implies some important finiteness conditions. A sequence of elements
g1, . . . , gn from an abelian group G that satisfies the sum condition in the lemma
(i.e., g1 + · · · + gn = 0 and no proper subsum of this sum is zero) is known as a
minimal zero-sequence. A good reference on the interplay between factorizations in
an algebraic number ring and minimal zero-sequences is [13]. An elementary exercise
(see for example [5]) shows that the number of minimal zero-sequences in a finite
abelian group is finite. Since there are finitely many, there is a finite constant known as
D(G) that bounds above the number of elements in this minimal zero-sequence. The
computation of D(G), known as the Davenport constant of G, is elusive and better
left to our references ([5] is a good source). These facts imply the following corollary.
Corollary 3. Let x ∈ R• whereR is an algebraic number ring.
(1) The element x has finitely many nonasscociated irreducible factorizations.
(2) If x is irreducible and (x) = p1 · · · pk, then k ≤ D(C(R)).
Having established that irreducible factorizations are essentially finite in number,
we produce one below which will be of particular interest.
Lemma 4. Let R be a ring of algebraic integers of class number greater than 2. Then
there are not necessarily distinct irreducible elements α1, α2, β1, β2, and β3 such that
α1α2 = β1β2β3. (‡)
Proof. Suppose that C(R) contains an element g with |g| = n > 2. Let p1 be a prime
ideal of R taken from class g, p2 a prime ideal taken from class 2g, p3 a prime ideal
taken from class (n − 2)g, and p4 a prime ideal taken from class (n − 1)g. (In the
cases n = 3 or 4, you can pick these ideals distinctly.) Define the irreducible elements
α, β, γ, and δ of R by
1. (α) = p1p4,
2. (β) = p21p3,
3. (γ) = p2p3,
4. (δ) = p2p
2
4.
The ideal equation (p21p3)(p
2
4p2) = (p1p4)
2(p2p3) yields that
βδ = uα2γ
for some u ∈ U(R).
If all the nonidentity elements of C(R) are of order 2, then let g1 and g2 be such
elements with g1 6= g2. Suppose further that g3 = g1 + g2. Thus, g1, g2, and g3 are all
distinct elements of C(R) of order 2. If p1, p2, and p3 are prime ideals of C(R) taken
from the classes g1, g2, and g3 respectively, then
p
2
1 = (β1), p
2
2 = (β2), p
2
3 = (β3), and p1p2p3 = (α)
with β1, β2, β3, and α irreducible elements of R. Thus in R we have
α2 = uβ1β2β3
for some unit u of R. This completes the proof.
We are now in a position to offer a very short proof of Carlitz’s theorem.
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Proof of Carlitz’s Theorem. (⇐) If R is half-factorial, then (‡) implies that |C(R)| ≤
2.
(⇒) Let x ∈ R• with
(x) = q1 · · · qnp1 · · · pm,
where the prime ideals qi are principal and the prime ideals pj are not principal. By
our remarks in Example 2, m is even and any factorization of x into irreducibles has
length n+ m
2
. Thus (2) holds and the proof is complete.
3. CHARACTERIZATIONS INVOLVING THE LENGTH SET. If R is an alge-
braic number ring and x a nonzero nonunit of R, then set
L(x) = {k | ∃ irreducibles α1, . . . , αk ∈ R with x = α1 · · ·αk}.
The set L(x) is known as the set of lengths of x and a general MONTHLY survey on
this topic can be found in [11]. Corollary 3 implies that |L(x)| <∞ for any x ∈ R•.
By Carlitz’s theorem, if R has class number 2, then L(x) = {k} for some k ∈ N0,
and if |C(R)| > 2, then Lemma 4 implies that there is an x ∈ R with |L(x)| > 1. Set
L(x) = max L(x), ℓ(x) = min L(x),
and
ρ(x) =
L(x)
ℓ(x)
.
Since L(x) <∞, ρ(x) is a rational q ≥ 1 which is known as the elasticity of x in R.
We can turn this combinatorial constant into a global descriptor by setting
ρ(R) = sup{ρ(x) |x ∈ R}.
Hence, R is half-factorial if and only if ρ(R) = 1 and by Lemma 4, if R has class
number greater than 2, then ρ(R) ≥ 3
2
. A detailed study of elasticity in number rings
can be found in [21] and a more general survey on the subject in [1]. In [21] it is
established that
ρ(R) =
D(C(R)
2
,
where againD(C(R)) represents Davenport’s constant.
A more precise version of the elasticity has recently become popular in the litera-
ture. Let k ∈ N and set
ρk(R) = sup{sup L(x) | min L(x) ≤ k for x ∈ R•}.
Using Corollary 3 along with [12, Proposition 1.4.2], the fact that R is an algebraic
number ring yields a slightly simpler version of this definition:
ρk(R) = sup{max L(x) | k ∈ L(x) for x ∈ R•}.
We prove a few convenient facts concerning the ρk(R)’s.
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Lemma 5. If R is an algebraic number ring, then the following assertions hold.
(1) ρ1(R) = 1.
(2) ρk(R) ≥ k for all k ∈ N.
(3) For each k ∈ N, ρk(R) <∞.
(4) For each k ∈ N, ρk(R) < ρk+1(R).
Proof. The proof of (1) follows directly from the definition of an irreducible element.
For (2), if x is a prime element of R, then L(xk) = {k} so k ∈ L(xk) and k =
maxL(xk). That ρk(R) ≥ k now follows.
For (3), suppose that k ∈ L(x) for some x ∈ R•. Thus x = α1 · · ·αk where
each αi ∈ A(R). Write each (αi) = pi,1 · · · pi,ti where each pi,j is a prime ideal
of R. By our previous comment, each ti ≤ D(C(R)). Thus, (x) factors into at most
k ·D(C(R)) prime ideals, which also bounds the length of a factorization of x into
irreducibles. Hence maxL(x) ≤ k ·D(C(R)) for each x ∈ R• and thus ρk(R) ≤
k ·D(C(R)).
For (4), suppose m = ρk(R). Then there are irreducible elements α1, . . . , αk ,
β1, . . . , βm of R with α1 · · ·αk = β1 · · · βm. If x is any irreducible element of R,
then xα1 · · ·αk = xβ1 · · · βm and hence ρk+1(R) ≥ m+ 1 > ρk(R).
The true relationship between ρ(R) and the ρk(R)’s can be found in [12, Proposi-
tion 6.3.1]:
ρ(R) = sup
{
ρk(R)
k
| k ∈ N
}
= lim
k→∞
ρk(R)
k
.
Lemma 4 again allows us to make an immediate deduction. (Part of this result can
be found prior to [12, Proposition 1.4.2].)
Theorem 6. Let R be an algebraic number ring. The following statements are equiv-
alent.
(1) R has class number less than or equal to 2.
(2) ρ(R) = 1.
(3) ρ2(R) = 2.
(4) ρk(R) = k for some k ≥ 2.
(5) For all irreducibles x and y in R, L(xy) = {2}.
(6) For all irreducibles x and y in R, |L(xy)| = 1.
Proof. Assertions (1) and (2) are equivalent by the Carlitz theorem. If (2) holds, then
every L(x) with 2 ∈ L(x) is of the form {2}. Thus maxL(x) = 2 which yields
ρ2(R) = 2 and (3) holds. Clearly (3) implies (4). Assume (4) holds. If R has class
number greater than 2, then Lemma 4 implies that ρ2(R) ≥ 3. It easily follows from
Lemma 5 item (4) and induction that ρk(R) > k for all k ≥ 2, a contradiction. Thus
R has class number at most 2 and (1) holds. Hence (1), (2), (3), and (4) are equivalent.
If (3) holds, then 2 ∈ L(x) implies that 2 = maxL(x) and L(x) = {2}, which
yields (5). Statements (5) and (6) are equivalent by the definition of the length set. If
(6) holds, then |L(xy)| = 1 implies that maxL(xy) = 2, which in turn yields (3).
This completes the proof.
Let’s take a slightly different look at the length set. Given an algebraic number ring
R and x a nonzero nonunit, suppose that
L(x) = {n1, . . . , nk}
6 c© THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 121
Mathematical Assoc. of America American Mathematical Monthly 121:1 March 13, 2019 12:27 a.m. classnumber2thirdrevision.tex page 7
where n1 < n2 < · · · < nk. The delta set of x is defined as
∆(x) = {ni − ni−1 | 2 ≤ i ≤ k}
with ∆(x) = ∅ if k = 1. We can convert this local descriptor into a global one by
setting
∆(R) =
⋃
x∈R•
∆(x).
When R is a Krull domain (a more general structure than an algebraic number ring) a
great deal is known about the structure of∆(R) (see [12, Section 6.7] and [19]).
We show how the notion of the∆-set fits in with class number 2.
Theorem 7. Let R be an algebraic number ring. Then R has class number at most 2
if and only if ∆(R) = ∅.
Proof. The implication (⇒) clearly holds by Carlitz’s Theorem. For (⇐), if∆(R) =
∅ and R has class number greater than 2, then Lemma 4 yields a contradiction. This
completes the proof.
4. BEYOND THE LENGTH SET. Our characterizations to this point have been
solely dependent on the length set. We now consider an invariant that relies on indi-
vidual factorizations as much as or more than the setL(x). It offers a numeric measure
of how far an element is from being prime.
Definition 8. Let R be an algebraic number ring. For x ∈ R•, we define ω(x) = n if
n is the smallest positive integer with the property that whenever x | a1 · · · at, where
each ai ∈ A(R), there is a T ⊆ {1, 2, . . . , t} with |T | ≤ n such that x |
∏
k∈T ak. If
no such n exists, then ω(x) =∞. For x ∈ U(R), we define ω(x) = 0. Finally, set
ω(R) = sup{ω(α) |α ∈ A(R)}.
The definition above is taken from [8], but there are several other equivalent versions
that can be found in the literature (see [2]). It follows directly from the definition that
an element x ∈ R is prime if and only if ω(x) = 1. The survey paper [18] is a good
general reference on the ω-function and we illustrate Definition 8 by appealing directly
to the class number 2 case.
Example 9. Suppose that R is an algebraic number ring of class number 2. We use
the classification of irreducible elements of R given in Example 2 to determine the
ω-values of the irreducibles of R. If α is a prime element, then ω(α) = 1. So, let
α be a nonprime element of A(R) where (α) = p2 for a nonprincipal prime ideal p
of R. Thus ω(x) > 1, so suppose that α |β1 · · · βr where each βi is irreducible in
R and r ≥ 2. Hence, either one of the βi’s is of the form (βi) = p2, or there are
irreducibles βi and βj (with i 6= j) so that (βi) = pq1 and (βj) = pq2 where q1 and
q2 are nonprincipal prime ideals ofR distinct from p. In the first case, α is an associate
of βi and in the second, α |βiβj and hence ω(α) = 2. A similar argument shows that
ω(α) = 2 if (α) = pq where p and q are distinct nonprincipal prime ideals of R.
We introduce an aid which will simplify the computation of ω(x).
Definition 10. Let x ∈ R• where R is an algebraic number ring. A bullet for x is a
product β1 · · · βr of irreducible elements β1, . . . , βr of R such that
January 2014] CLASS NUMBER 2 7
Mathematical Assoc. of America American Mathematical Monthly 121:1 March 13, 2019 12:27 a.m. classnumber2thirdrevision.tex page 8
(i) x divides the product β1 · · · βr, and
(ii) for each 1 ≤ i ≤ r, x does not divide β1 · · · βr/βi.
The set of bullets of x is denoted bul(x).
The notion of bullet gives us a nice tool to compute ω(x). To see this, if β1 · · · βr is
a bullet for x ∈ R•, then x divides no product of the form β1 · · · βr/βi for any i, and
by definition ω(x) ≥ r. On the other hand, if α1 · · ·αt is a product of t irreducibles
of R with x |α1 · · ·αt and α1 · · ·αt is not a bullet of x, then some subproduct of
α1 · · ·αt must be a bullet. We have essentially shown the following (a complete proof
can be found in [18, Proposition 2.10]) .
Proposition 11. If R is an algebraic number ring and x ∈ R•, then
ω(x) = sup{r |β1 · · · βr ∈ bul(x) where each βi ∈ A(R)}.
Hence, for R with class number 2, Example 9 shows that ω(R) = 2. Proposition
11 implies another nice finiteness condition.
Corollary 12. Let R be an algebraic number ring and x ∈ A(R). Then
ω(x) ≤ D(C(R)) <∞
and hence ω(R) ≤ D(C(R)) <∞.
In fact, the interested reader can find a proof that ω(R) = D(C(R)) in [2, Corollary
3.3].
Proof of Corollary 12. We prove only the first assertion, as the second follows directly
from it. Let x ∈ A(R). Write (x) = pt11 · · · ptkk for distinct prime ideals p1, . . . , pk in
R. Let α1, . . . , αn be irreducibles of R such that x |α1 · · ·αn. For each pi choose a
minimal subset Ti ⊆ {1, . . . , n} so that ptii | (
∏
j∈Ti
αj). Set Ai = {αj | j ∈ Ti}. By
the minimality of Ti, each (αj), with αj in Ai, is divisible by pi and hence |Ai| ≤ ti.
If A = ∪kj=1Ai, then by Corollary 3, |A| ≤ t1 + · · · + tk ≤ D(C(R)). By using the
multiplicative properties of prime ideals, we obtain that x | ∏αi∈A αi, which com-
pletes the proof.
A slight adjustment in the proof of Corollary 12 yields a class number 2 characteri-
zation (see [2, Theorem 3.4]).
Theorem 13. Let R be an algebraic number ring. Then R has class number at most
2 if and only if ω(R) ≤ 2.
Proof. While the argument is trivial using the remark directly following Corollary 12,
for completeness we offer a proof. Our work in Example 9, along with the fact that
class number 1 trivially implies ω(R) = 1, yields (⇒). For (⇐), assume ω(R) ≤ 2
and that R has class number greater than 2. We pivot in a manner similar to Lemma
4. Suppose C(R) has an element g with |g| = n > 2. Let p1, . . . , pn be distinct prime
ideals of R with [pi] = g. Let x ∈ A(R) be such that (x) = p1 · · · pn. If for each
1 ≤ i ≤ n the irreducible αi is such that (αi) = pni , then it is clear that α1 · · ·αn is a
bullet for x and ω(x) ≥ n > 2. If C(R) only has nontrivial elements of order 2, then
let α, β1, β2, and β3 be the irreducibles constructed in the second part of the proof of
Lemma 4. As in the previous case, β1β2β3 is a bullet for α and ω(x) ≥ 3 > 2. In
either case, ω(R) > 2, which completes the proof.
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5. THE GRAND FINALE! In these pages we have accomplished a lot. To demon-
strate, we tie it all together in one last tribute to class number 2.
Class Number 2 in a Nutshell. Let R be an algebraic number ring. The following
statements are equivalent.
(1) R has class number at most 2.
(2) R is a half-factorial domain.
(3) ρ(R) = 1.
(4) ρ2(R) = 2.
(5) ρk(R) = k for some k ≥ 2.
(6) For all irreducibles x and y in R, L(xy) = {2}.
(7) For all irreducibles x and y in R, |L(xy)| = 1.
(8) ∆(R) = ∅.
(9) ω(R) ≤ 2.
We note that our work has not endeavored to determine exactly how many irre-
ducible factorizations there are of an element x in a class number 2 algebraic number
ring R. If R has class number 2, then a formula for this computation is contained in
[7]. A detailed study of the asymptotic behavior of factorizations in rings with class
number 2 can be found in [14]. A more general approach to counting irreducible fac-
torizations (with no restrictions on the class number) can be found in [16].
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